Rebinding kinetics of molecular ligands plays a critical role in biomachinery, from regulatory networks to protein transcription, 11 and is also a key factor for designing drugs and high-precision biosensors. In this study, we investigate initial release and rebinding between receptor-bearing surfaces). We obtain time-dependent scaling laws for on rates and for the cumulative number of 17 rebinding events (the time integral of on rates) for various regimes. Our analyses reveal that, for diffusion-limited cases, the on 18 rate decreases via multiple power law regimes prior to the terminal steady-state regime, in which the on rate becomes constant. 
INTRODUCTION

27
The process of diffusion is a simple way of transporting ligand particles (e.g., proteins, drugs, neurotransmitters, etc.) throughout 28 biological and synthetic media (1, 2) . Even though each ligand undergoes simple diffusive motion to target specific or nonspecific proteins may be observed to dissociate into a protein-free solution from their DNA binding sites, allowing measurement of 48 unbinding kinetics. Similarly, in Surface Plasmon Resonance (SPR) apparatus, often more densely packed receptors compared time t. If there are ω binding sites in V(t), the particle can return any of ω binding sites (i.e., ω is the degeneracy of the binding 104 sites). Thus, a general scaling ansatz for the on rate can then be written as
Alternatively, Eq. 1 can also be interpreted as the inverse of the time that is required for a particle to diffuse through V(t)/a 3 106 discrete lattice sites if the diffusion time per lattice site is D/a 2 . Note that for diffusion-limited reactions k on (t) ∼ c(t), where 107 c(t) ∼ V(t) −1 is the time dependent concentration of ligands. Note that, for simplicity, in Eq. 1, we assume that ω has no explicit 108 time dependence although this could be added to the ansatz in Eq. 1. For instance, for binding sites along a fluctuating chain or 109 for diffusing protein rafts on cell membranes, time dependence can be incorporated without losing the generality of Eq. 1.
110
The total number of rebinding events detected by each binding site at time t is related to the on rate as
At the initial times of the diffusion of n 0 ligand particles (i.e., t ≈ τ 0 ≈ a 2 /D), each particle can undergo a 3d diffusion 112 process to a distance roughly equivalent to its own size (i.e., self-diffusion distance). Since, at 0 < t < τ 0 , particles can only 113 collide with their own original binding sites, we have ω ≈ 1, and the interaction volume is V ≈ a 3 ≈ (τ 0 D) 3/2 . Thus, according
114
to Eq. 1, the on rate is k on = 1/τ 0 and can be considered to be time-independent during t < τ 0 on the scaling level. From Eq. 2, 115 a constant on rate leads to a linearly increasing total number of rebinding events as N coll ∼ t (Fig. 2 ).
116
For t > τ 0 , each particle can diffuse to a distance r > a. If the separation distance between the binding sites is s ≈ a,
117
particles can visit any of the nearest binding sites at t ≈ τ 0 . If the separation distance is large (i.e., s a), particles can travel 118 to neighboring sites only after a time τ s ≈ s 2 /D, at which the average distance traveled by any particle is s. At τ 0 < t < τ s ,
119
individual particles perform 3d diffusion, and thus, the interaction volume is given by V(t) ≈ (Dt) 
Figure 2: Results of scaling arguments for a) the on rates k on and b) the total number of rebinding events N coll as a function of time in a log-log scale. Arrows indicate the directions of decreasing separation distance between two binding sites (i.e., s → a). SM and SPR indicate the regimes related to Single-Molecule and Surface Plasmon Resonance experiments, respectively. The threshold time scales refer to onset for darker lines. See also Table 1 for the definition of the threshold times.
experienced by particles is V(t) < s 3 at t < τ s , on average one binding site is available per particle in the interaction volume, 121 thus, ω ≈ 1. Thus, using Eq. 1, we can obtain k on ∼ t −3/2 .
122
Interestingly, at τ 0 < t < τ s , the number of revisits per binding site, N coll , does not increase since most particles are on 123 average far away from their own and other binding sites. On the scaling level, this results in a plateau behavior for the cumulative 124 collision number (i.e., N coll ≈ 1), as illustrated in Fig. 2 . Note that plugging k on ∼ t −3/2 into Eq. 2 leads to a weak explicit time
125
dependence for the N coll at 0 < t < τ s (i.e., N coll ∼ 1 + t −1/2 ). The t −1/2 dependence indicates that N coll stays almost constant 126 during this regime. Figure 3 : Simulation snapshots at various time windows showing the time evolution of the particle concentration throughout a simulation box of height h/a = 50. The separation distance between the binding sites is s/a = 2.5. The blue lines indicate the borders of the original simulation box. Periodic boundary conditions are applied only in thex andŷ directions, whereas the reservoir is confined in theẑ direction by two identical surfaces. The threshold times and their scaling expressions with numerical estimates for various systems. In the estimates, a ligand of size a = 1 nm and a diffusion coefficient of D = 100 µm 2 /s are assumed. The estimates are for (1) s = 10 nm and h = 10 2 µm (e.g., SPR case), (2) s = 1 µm and h = 10 4 µm (e.g., SM case (4)), (3) diffusion of insulin secreted from isolated vesicles into intercellular space of height h = 30 nm and s = 10 nm (determined from the avarege insulin concentration of ≈ 40 mM in the vesicle (31)), (4) release of ≈ 10 µM of GTPγS (i.e., s = 100 nm) from a eosinophils-cell vesicle (32) with an average cell-to-cell distance of h = 100 µm (i.e., ca. 500 cells per microliter).
appropriate intervals (Fig. 2a) . Thus, at t > τ s , the total number of rebinding, on the scaling level, is
We note that inserting t = τ s into Eq. 3 leads to N coll ≈ 1 for any value of s/a > 1 since the second term on the right hand 143 side of Eq. 3 is smaller than unity. This indicates that the plateau regime predicted for N coll at t < τ s persists even at t > τ s
144
( Fig. 2b ). Only at a later threshold time, τ c > τ s , the second term of Eq. 3 becomes considerably larger than unity, and so does 145 the number of revisits, N coll . The threshold time, τ c , can be obtained by applying this result on the second term of Eq. 3 (i.e.,
146
D 1/2 aτ 2 c /s 2 ≈ 1), which provides an expression for the terminal time of the plateau regime as
At t > τ c , the total number of revisits per binding site begins to increase above unity. The functional form of this increase 148 at τ c < t < τ z can be obtained by integrating the on rate (i.e., k on ∼ t −1/2 ) as N coll ∼ t 1/2 . This sublinear increase of N coll 149 continues until the particle density becomes uniform throughout the entire reservoir at t = τ z . At later times t > τ z , diffusion 150 process obeys Einstein-Smoluchowski kinetics, where the on rate reaches its time-independent steady-state value, and where 151 N coll increases linearly (Fig. 2) .
152
To summarize, as also schematically illustrated in Fig. 2 , according to our scaling analysis, at t < τ 0 , the on rate is constant 153 due to self-collisions with the original binding site. At later times, the on rate decreases as k on ∼ t −3/2 until t < τ s due to the 3d 154 escape process of particles away from their binding sites (Fig. 2a) . Once particles diffuse to distances on the order of s, the 155 particle cloud diffuses in a 1d manner, and the on rate decays with a slower exponent, k on ∼ t −1/2 . When the particles fill the 156 reservoir uniformly, a steady-state value of k on ∼ a/(hs 2 ) takes over. Interestingly, at the threshold time τ c , at which we predict 157 a crossover for N coll , the on rate does not exhibit any alterations and continues to scale as k on ∼ t −1/2 . Fig. 2b . If s = a, the plateau in N coll completely disappears, and a scaling N coll ∼ t 1/2 determines the cumulative rebinding 160 events at τ 0 < t < τ z . This indicates that the 3d escape process disappears, and a 1d diffusion-like behavior prevails after the 161 initial dissociation of ligands. This behavior is common in SPR experiments, where receptors are often densely grafted.
162
In the equations below, the scaling expressions for the on rates rescaled by 1/τ 0 ≈ (D/a 2 ) −1 and the total number of revisits
163
are given together with their respective prefactors for corresponding time intervals (see Table 1 ) as
Similarly, for the total number of revisits
In Table 1 , we provide some numerical examples for the above times scales approximately corresponding to SPR and SM
166
experiments, and exocytosis. Note that the scaling expression given in Eqs. 5 and 6 can also be obtained by considering the 167 relaxation of a Gaussian particle distribution in corresponding dimensions (see Appendix section).
168
In the next section, we will compare our scaling arguments with the coarse-grained MD simulations and investigate the 169 relation between threshold time scales, and the two length scales s and h. of ligands (i.e., n 0 = 400 − 6400) are allowed to diffuse into a confined reservoir at t > 0. The reservoir is periodic in the lateral 177 directions but confined in the vertical direction by a second surface identical to the first one (Fig. 3) .
178
The rescaled height of the simulation box h/a and the rescaled separation distance s/a were separately varied to monitor 179 their effects on time dependencies of k on (t) and N coll (t). In the extraction of k on values, the binding sites are defined as the 180 initial positions of ligands at t = 0. Any particle that is found within the collision range of any binding site (i.e., r c /a = 2 1/6 ) 181 at a given time t is counted as a bound particle. In our analyses, k on (t) is defined as the normalized fraction of binding sites 182 occupied by ligands for diffusion-limited reactions. For reaction limited case, k on (t) corresponds to raw dissociation data.
183
The values of N coll (t) were calculated via Eq. 2. All simulations were carried out until the calculated on rates reached their 184 respective steady states (see Appendix section for further simulation details). 
Diffusion-limited kinetics
186
We first consider the scenario for which the reactions between the binding sites and ligands are diffusion limited. Thus, the 187 average residence time of the ligand on the binding site is on the order of τ 0 , which is the self-diffusion time of a particle in the 188 simulations. We achieved this by using a purely repulsive WCA potential (35) with a cut-off distance of r c /a = 2 1/6 (Eq. 14 in 189 the Appendix section). This setup, as we will see, allows us to observe the regimes predicted in Section 2.1 more clearly. We
190
will further discuss the longer residence times in conjunction with other time scales in the following sections. approximately t ≈ τ 0 , we observe a rapid drop in k on , which is described nominally by an exponential function [exp(−t/τ 0 )]
204
(dashed curve in Fig.4a ). However, we should also note that, in the system presented in Fig. 4a , s/a = 2.5, thus, τ s ≈ 6τ 0 . Hence,
205
the decay in the on rate is arguably the beginning of a power law with an exponent approximately − 3 /2 (Fig. 2a) .
206
According to our scaling analysis, for small enough separation distances (i.e., s ≈ a), the on rate obeys a power law (i.e., 207 k on ∼ t −1/2 ) at the intermediate times, τ s < t < τ z (see Fig. 2a ). In Fig. 4a , a slope of −0.56 ± 0.04 describes the decay of the 208 on rates in accord with our scaling prediction. We have also tested larger systems with n 0 = 1600 and n 0 = 6400 particles 209 and obtain similar exponents. At longer times (i.e., t > τ z ), the on rates in Fig. 4a reach their respective steady-state values 210 at t = τ z = h 2 /D, which depends on the equilibrium concentration of the ligands (i.e., k on ∼ 1/hs 2 ). That is, for a fixed s/a,
211
increasing the height h/a, decreases the concentration and thus the steady-state values of the on rates as seen in Fig. 4a .
212
As for the total number of revisits, N coll , in Each data set is averaged over 3 to 5 separate simulations of the systems containing n 0 = 400 − 6400 particles. For clarity, running averages over 10 points are shown. Inset shows the on rate for a system composed of n 0 = 1600 particles for s/a = 10 and h/a = 1000 b) The total number of rebinding events obtain via Eq. 2 for n 0 = 400-particle systems by using non-averaged data sets.
Effect of separation distance on rebinding kinetics As discussed in Section 2.1, prior to the steady state, diffusion time For s/a ≈ 1, as discussed earlier, a slope close to − 1 /2 can describe the decay of the on rates before the time-independent 224 steady state (Fig. 5a) . For s/a 1, this slope is replaced by a stronger decay k on ∼ t −1.46±0.13 at t > τ 0 (Fig. 5a ). In our scaling 225 analysis, the exponent − 3 /2 controls the decay of on rate until the threshold time scale of τ s sets in (Fig. 2a) . Indeed, in Fig. 5a ,
226
as s/a is increased, the scaling k on ∼ t −1.5 replaces k on ∼ t −0.5 type of behavior gradually. For the intermediate values of s/a 227 (i.e., s/a = 5, 10, 20, 50 in Fig. 5a ), this transition can be observed in accord with the scaling prediction in Fig. 2a . In the inset
228
of Fig. 5a , we also show a system with s/a = 10 and h/a = 1000 for a larger system of n 0 = 1600 particles; The − 3 /2 exponent 229 is more apparent since the two threshold times, τ z and τ s , are well separated due to the large ratio of h/s 1.
230
Emergence of plateau behavior in total rebinding events for sparsely placed binding sites The data in Fig. 5b shows 231 the distinct behavior of N coll for s/a 1 as compared to the cases, where binding sites are closer to each other (Fig 4b) . As 232 discussed earlier in Fig. 4b , for s/a ≈ 1, a slope around N coll ∼ t 0.44 is dominant at t < τ z . However, for s/a 1, a plateau 233 regime replaces this behavior at the intermediate times (Fig. 5b) . As s/a is increased, the plateau regime becomes broader by 234 expanding to longer times. This trend is also in agreement with our scaling analyses (Fig. 2b) .
235
The plateau regime in N coll is followed by an incremental behavior as seen in Fig. 5b . The predicted power law following the plateau is N coll ∼ t 1/2 for τ s < t < τ z (Fig. 2b) . Within the duration of our simulations, we observe a mixture of slopes 237 instead of a single exponent of 1 /2. For instance, for h/a = 50, the slope that we can extract at long times is smaller than unity 238 but larger than 1 /2 since τ s ≈ τ z (blue triangles in Fig. 5b ). This is due to the small ratio of the two threshold time scales, 239 τ z /τ c = (ha/s 2 ) 2 ≈ 10, for the data shown in Fig. 5b . In Fig. 6 , ideally, the regime with N coll ∼ t 1/2 should be observable at τ s < t < τ z . However, we 244 rather observe a weaker increase before a slope of around 1 /2 emerges. We attribute this behavior to the inherent weakness of 245 scaling analyses since even at t > τ s , ligands can collide with multiple binding sites frequently enough, particularly for small 246 separation distances. These collisions, in turn, can result in a slight increase in N coll similar to that observed in Fig. 6 .
247
At long times t > τ z , N coll increases with an exponent around unity in the simulations (Figs. 5b and 6) in accord with a 248 time-independent k on . Note that, for simulations longer than performed here, which are not feasible for computational reasons,
249
we anticipate a convergence to a slope of unity for all of our configurations.
4.0 For the data sets, h/a = 100, 200, 500, 1000, and for s/a = 10, 20, 50, 100. For all cases, the number of ligands is n 0 = 400.
250
Threshold time for N coll plateau We also performed a separate set of simulations to specifically identify the scaling 251 dependence of τ c on the separation distance (Eq. 4). We fix the ratio h/s = 10 and vary the separation distance between function in the form of f (t) = 1 + (t/τ s ) 1/2 to extract the threshold time τ c at which plateau regimes ends. The results shown in 254 Fig. 7 are in close agreement with our scaling prediction; The data can be described by a scaling τ c ∼ s 3.5±0.5 . The fact that the 255 exponent extracted from the simulations is smaller than 4 but larger than 2 in Fig. 7 with h/a = 50 (Fig. 8) . The attraction was provided by increasing the cutoff distance and varying the strength of the interaction initial behavior to the escape process of the ligands from the attractive potential. After the rapid decay, for high affinities (longer 269 lifetimes), the regimes with either − 1 /2 or − 3 /2 exponents disappear and an exponential function in the form of exp(−t/τ off ) can 270 describe the data at the intermediate times (dashed curves in Fig. 8a-b) . This can also be seen in the log-linear plots in Fig. 8c 271 and d. As the attraction strength is decreased, the power laws become dominant again as expected from the diffusion limited 272 cases (Fig. 8a-d) . For longer simulations, we anticipate that the power laws should be attainable if s and h are large enough.
273
This can be seen in Fig. 8a ; after the exponential decay at around t = 100τ 0 , a slope of − 1 /2 begins to emerge. We will further 274 discuss the criterion for observing an exponential decay in the Discussion section (Fig. 9) 
275
In Fig. 8e , the residence times τ off extracted from the exponential fits are shown for two separation distances, s/a = 2.5 276 and s/a = 20. Even though the attraction strengths between the ligands and binding sites are identical for two cases (i.e., 277 ε = 3, 2, 1, 0.5k B T), the extracted lifetimes are longer for the smaller separation distance (Fig. 8) . This difference highlights that 
DISCUSSION
285
Collective kinetic behavior of diffusing ligands can exhibit novel properties compared to that of a single ligand. In this study,
286
we focus on the nonequilibrium rebinding kinetics of an ensemble of Brownian ligand particles in a confined volume that is 287 initially free of ligands. Our study shows that nonsteady state on rates k on (t) and total number of revisits detected by each (Fig. 2) .
296
The second length scale that we discuss in this work is the average separation distance between two binding sites, s, which is 297 inversely proportional to the square root of grafting density of binding sites. At intermediate times (i.e., before the steady state 298 is established), the on rate shows one or two power laws depending on s. For large values of s, due to the 3d escape process of 299 ligands from their binding sites, the on rate exhibits a k on ∼ t −3/2 type of decay after the initial release of the ligand. Once the 300 ligands diffuse to a distance larger than the separation distance s, above a threshold time of τ s , a quasi 1d diffusion process takes 301 over with a smaller decay exponent of − 1 /2. For densely grafted binding sites (i.e., small s), the exponent − 3 /2 is completely 302 smeared out, and the time dependence of the diffusion process is defined by a single exponent of − 1 /2 at intermediate times 303 (Fig. 2a) .
304
We also defined a time-dependent parameter N coll (t) as the time integral of the on rate k on (t) (more generally, the integral 305 of raw dissociation data) to characterize rebinding kinetics. The parameter N coll exhibits a novel plateau behavior on the scaling 306 level at intermediate times for sparsely grafted binding sites (Fig. 2b) . The plateau is a result of decreasing probability of finding 307 any ligand near its binding sites during the 3d escape process. This behavior leads to a plateau behavior during which binding 308 sites experience minimal number of collisions with the unbound ligands. Moreover, due to the integral form of Eq. 2, N coll can 309 be used to invoke the regimes in dissociation measurements otherwise difficult to observe due to relatively noisy statistics (see
310
Figs. 4b and 5b).
311
The plateau expands to longer times if the binding sites are sparsely distributed since the terminal time for the plateau 312 scales as τ c ∼ s 4 (Eq. 4). The termination of the plateau regime is at τ c instead of at τ s ∼ s 2 . We attribute this behavior to the 313 non-uniform particle distribution near the surface at t < τ c ; Only after particle the density becomes uniform near the reactive (Figs. 4a and 5a ) and can be detected only from the cumulative consideration of the dissociation events ( (e.g.,
316
Figs. 4b and 5b)). Figure 9: Summary of on rate scaling behaviors predicted for various systems. Along the dashed lines, on rate follows a − 1 /2 exponent. The residence time of a ligand on its binding site is defined as the inverse off rate, τ off ≡ 1/k off . scenario in SPR experiments, both of the decay exponents can be apparent. In other single-molecule experiments, for which 415 s/h > 1, − 3 /2 type of exponent can be observable as long as there are enough empty sites for dissociating ligands (i.e., τ s > τ off ).
416
If the residence and inter-site diffusion times are comparable (i.e., τ off /τ s ≈ 1), the regime of k on ∼ t −3/2 is not observable, and 
A. Derivation of on rates via Gaussian distribution
438
Here we derive expression for k on and N coll by using a Gaussian spatial distribution for ligands. Consider at time t > 0, the 439 probability distribution for a set of identical particles in d dimensions evolves from a dirac delta distribution at the origin as
where ì r = x 1x1 + x 2x2 ... + x dxd is the position vector in d dimensions. The weight of the distributions in Eq. 7 at position 441 ì r = 0 provides a probability for diffusing particles to revisit the origin
At time t, the total number of the revisits can be obtained by integrating Eq. 8
According to Eq. 9, the returning probability, P( ì 0, t), can also be considered as the rate of revisits, k on , at the origin ì r = 0 444 at a given period T.
After dimensional adjustment, Eq. 10 can also be written as
From Eq. 11, the on-rates are
If the integral in Eq. 9 can be performed to obtain the expressions for N coll (t) as
Using Eqs. 12 and 13, the scaling arguments presented in the main text can be obtained for each step of the diffusion process.
449
Note that even though a 2d scenario has been realized for the current problem, it has been show before that diffusion profile of 450 protein particles that are initially positioned along a one dimensional chain obeys a logarithmic revisit rates (10).
451
APPENDICES
452
B. MD simulation details
453
In the simulations, n 0 = 400 − 6400 binding sites separated by a distance s are placed on a planar surface composed of square 454 lattice of beads of size a . To model ligands, n 0 beads of size 1σ ≈ a are placed at contact with binding sites, where σ is the 455 unit distance in the simulations.
456
The steric interactions between all beads are modeled by a truncated and shifted Lennard-Jones (LJ) potential, also known 457 as WCA,
where r c is the cutoff distance. A cut-off distances of r c /σ = 2 1/6 , 2.5 are used with a shift factor v s = 1/4 for the interactions 459 between all beads unless otherwise noted. The interaction strength is set to ε = 1k B T for all beads, where k B is the Boltzmann 460 constant, and T is the absolute room temperature. For attractive cases, the cut-off distance is set to r c /σ = 2.5 and the strength beads. The temperature is kept constant by a Langevin thermostat with a thermostat coefficient γ = 1.0τ −1 .
467
The volume of the total simulation box is set to n 0 (s 2 h)σ 3 , where the vertical height is h/σ = 12.5 − 2000. Periodic
468
boundary conditions are used in the lateral (x andŷ) directions and at z = h simulation box is confined by a surface identical to 469 that at z = 0. VMD is used for the visualizations (55).
470
In the fitting procedures, a weight function inversely proportional to the square of the data point is used. 
586
SUPPLEMENTARY MATERIAL
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An online supplement to this article can be found by visiting BJ Online at http://www.biophysj.org. 
